Abstract. Hibi conjectured that if a toric ideal has a quadratic Gröbner basis, then the toric ideal has either a lexicographic or a reverse lexicographic quadratic Gröbner basis. In this paper, we present a cut ideal of a graph that serves as a counterexample to this conjecture. We also discuss the existence of a quadratic Gröbner basis of a cut ideal of a cycle. Nagel and Petrović claimed that a cut ideal of a cycle has a lexicographic quadratic Gröbner basis using the results of Chifman and Petrović. However, we point out that the results of Chifman and Petrović used by Nagel and Petrović are incorrect for cycles of length greater than or equal to 6. Hence the existence of a quadratic Gröbner basis for the cut ideal of a cycle (a ring graph) is an open question. We also provide a lexicographic quadratic Gröbner basis of a cut ideal of a cycle of length less than or equal to 7.
Introduction
A d × n integer matrix A = (a 1 , a 2 , . . . , a n ) is called a configuration if there exists a vector c ∈ R d such that for all 1 ≤ i ≤ n, the inner product a i · c is equal to 1. Let K be a field and let K[x] = K[x 1 , x 2 , . . . , x n ] be a polynomial ring in n variables. (1) The toric ideal I A is generated by quadratic binomials; (2) The toric ring K[A] is Koszul; (3) There exists a monomial order satisfying that a Gröbner basis of I A consists of quadratic binomials. The implication (3) ⇒ (2) ⇒ (1) is true, but both (1) ⇒ (2) and (2) ⇒ (3) are false in general (for example, see [8, 10] ). Several classes of toric ideals with lexicographic/reverse lexicographic quadratic Gröbner bases are known (for example, see [3, 5, 11, 13, 14, 16] ). In contrast, in [1, 2, 15] , sorting monomial orders (which are not necessarily lexicographic or reverse lexicographic) are used to construct a quadratic Gröbner basis. The monomial orders appearing in the theory of toric fiber products [18] constitute another example that is not necessarily lexicographic or reverse lexicographic. The following conjecture was presented by Hibi.
Conjecture 0.1. Suppose that the toric ideal I A has a quadratic Gröbner bases. Then I A has either a lexicographic or reverse lexicographic quadratic Gröbner basis.
In the present paper, we will present a cut ideal of a graph as a counterexample to this conjecture. Now, we define the cut ideal of a graph. Let G be a finite connected simple graph with the vertex set V (G) = {1, 2, . . . , m} and the edge set E(G) = {e 1 , e 2 , . . . , e r }.
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We consider the configuration
. . , δ C N } and N = 2 m−1 . The toric ideal of A G is called the cut ideal of G and is denoted by I G (see [17] for details). We introduce important known results on the quadratic Gröbner bases of cut ideals. An edge contraction for a graph G is an operation that merges two vertices joined by the edge e after removing e from G. A graph H is called a minor of the graph G if H is obtained by deleting some edges and vertices and contracting some edges. In this paper, K n , K m,n , and C n stand for the complete graph with n vertices, the complete bipartite graph on the vertex set {1, 2, . . . , m} ∪ {m + 1, m + 2, . . . , m + n} and the cycle of length n, respectively.
Proposition 0.2 ([6]
). Let G be a graph. Then I G is generated by quadratic binomials if and only if G is free of K 4 minors. Problem 0.4. Classify the graphs whose cut ideals have a quadratic Gröbner basis. This paper comprises Sections 1 and 2. In Section 1, we show some results concerning the existence of a lexicographic/reverse lexicographic quadratic Gröbner basis of cut ideals. Then, we give a graph whose cut ideal is a counterexample to Conjecture 0.1. In Section 2, we study the cut ideal of a cycle. First, we point out an error in the lexicographic quadratic Gröbner basis of cut ideals of cycles given in [4, Proposition 3] (and introduced in [9] ). Finally, we construct a lexicographic quadratic Gröbner basis of the cut ideal of a cycle of length ≤ 7.
Lexicographic and reverse lexicographic Gröbner bases
In this section, we present necessary conditions for cut ideals to have a lexicographic/reverse lexicographic quadratic Gröbner basis. Using these results, we present a graph whose cut ideal is a counterexample to Conjecture 0.1.
First, we study reverse lexicographic quadratic Gröbner bases of cut ideals. The following was proved in [17, Theorem 1.3] . Proposition 1.1. Let G be a graph. Then the following conditions are equivalent:
(i) The graph G is free of K 5 minors and has no induced cycles of length ≥ 5; (ii) Any reverse lexicographic initial ideal of I G is squarefree; (iii) There exists a reverse lexicographic order such that the initial ideal of I G is squarefree.
Since A G is a (0, 1) matrix, Proposition 1.1 gives us the following proposition. Proposition 1.2. Suppose that a graph G has an induced cycle of length ≥ 5. Then I G has no reverse lexicographic quadratic Gröbner bases.
Proof. Suppose that G has an induced cycle of length ≥ 5 and that I G has a reverse lexicographic quadratic Gröbner basis. Since A G is a (0, 1) matrix, there exist no nonzero binomials of the form
It therefore follows that the initial ideal is generated by squarefree monomials. However, since G has an induced cycle of length ≥ 5, the initial ideal with respect to any reverse lexicographic order is not squarefree by Proposition 1.1. This is a contradiction.
Second, we study the lexicographic quadratic Gröbner bases of cut ideals. For the complete bipartite graph K 2,3 on the vertex set {1, 2} ∪ {3, 4, 5}, the configuration associated with K 2,3 is 
We show that I K 2,3 has no lexicographic quadratic Gröbner bases. Proposition 1.3. The cut ideal of the complete bipartite graph K 2,3 is generated by quadratic binomials and has no lexicographic quadratic Gröbner bases.
Proof. Since K 2,3 is free of K 4 minors, I K 2,3 is generated by quadratic binomials according to Proposition 0.2. Let < be a lexicographic order on K [x] . Suppose that the initial ideal of I K 2,3 with respect to < is quadratic. Let M be the set of all monomials in K[x] and let
Since A K 2,3 has a symmetry group that is transitive on its columns, we may assume that x 1 x 16 is the smallest monomial in S with respect to <. It then follows that
. We now consider the following 8 cubic binomials of I K 2,3 :
It is easy to see that there exist no nonzero binomials in I K 2,3 of the form
) is generated by quadratic monomials, it follows that the initial monomial of each f i is the first monomial. However, since each f i belongs to R = K[x 1 , x 5 , x 6 , . . . , x 12 , x 16 ] and since each variable in R appears in the second monomial of f j for some j, this contradicts the claim that < is a lexicographic order. Remark 1.4. Shibata [16] showed that the cut ideal of the complete bipartite graph K 2,m has a quadratic Gröbner basis with respect to a reverse lexicographic order. 
It is known that a combinatorial pure subring K[B] inherits numerous properties of K[A] (see [7] ). In particular, we have the following: 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 
The configuration A G contains six combinatorial pure subrings which are isomorphic to A K 2,3 . By considering weight vectors such that the reduced Gröbner basis of I K 2,3 is quadratic, we found a weight vector w ∈ R 32 such that the reduced Gröbner basis of I G is also quadratic. The monomial order w is neither lexicographic nor reverse lexicographic. In fact, all monomial orders for which the reduced Gröbner bases of I G consist of quadratic binomials are neither lexicographic nor reverse lexicographic. Theorem 1.7. Let G be a graph of Fig. 1 . Then I G has quadratic Gröbner bases, all of which are neither lexicographic nor reverse lexicographic. In particular, I G is a counterexample to Conjecture 0.1.
Proof. Since G has an induced cycle of length 5, I G has no reverse lexicographic quadratic Gröbner bases by Proposition 1.2. Moreover, since K 2,3 is obtained by contraction of an edge of G, I G has no lexicographic quadratic Gröbner bases by Proposition 1.6.
Squarefree Veronese subrings and cut ideals of cycles
In this section, we point out an error in the proof of [4, Propositions 2 and 3] for the cut ideal of the cycle and present a lexicographic order for which the reduced Gröbner basis of the cut ideal of the cycle of length 7 consists of quadratic binomials.
First, we explain an error in the proof of [4, Propositions 2 and 3]. For each m-dimensional (0, 1) vector (i 1 , i 2 , . . . , i m ), we associate a variable q i 1 i 2 ···im . Let
i 1 +i 2 +···+im(mod 2) and let I m be the kernel of ϕ m . According to [9] , the ideal I m is the cut ideal of the cycle of length m + 1. Let G m be a set of all quadratic binomials
satisfying one of the following properties:
(1) For some 1 ≤ a ≤ m and j ∈ {0, 1}, i a = j a = j = k a = l a and the binomial q i 1 . ..i a−1 i a+1 ...im q j 1 ...j a−1 j a+1 ...jm − q k 1 ...k a−1 k a+1 ...km q l 1 ...l a−1 l a+1 . ..lm
and the binomial
In [4, Proposition 2] , I m is claimed to be generated by G m for any m ≥ 4. However, this is incorrect for m ≥ 5. Now, we consider the quadratic binomial q = q 10101 q 01010 − q 11111 q 00000 ∈ I 5 and the binomial q = q 1101 q 0010 − q 1111 q 0000 . Then q does not belong to I 4 and hence q / ∈ G 5 . Let
By a similar discussion, it follows that a binomial q = u − v where u, v ∈ P does not belong to G 5 . Thus, I 5 is not generated by G 5 . This is the error in the proof of [4, Proposition 2] . By this error, instead of I m , an ideal that is strictly smaller than I m is considered in the proof of [4, Proposition 3] . Unfortunately, the reduced Gröbner basis of I m with respect to a lexicographic order considered in [4, Proposition 3] is not quadratic for m ≥ 5. We describe the number of binomials in the reduced Gröbner basis with respect to a lexicographic order in [4] for m = 5 in Table 1 .
degree the number of binomials 2 195 3 10 4 2 Table 1 . The number of binomials in the reduced Gröbner basis of I 5 .
Thus the existence of a quadratic Gröbner basis of the cut ideal of a cycle is now an open problem. However, we will show that there exists a lexicographic order such that the reduced Gröbner basis of the cut ideal of a cycle of length 7 consists of quadratic binomials. Let G be the cycle of length 7. Then we have 
The matrix A is a configuration of the (7, 2)-squarefree Veronese subring, and B is a configuration of the (7, 4)-squarefree Veronese subring. According to [12, To answer this question, we look for a lexicographic order > 1 such that the reduced Gröbner basis of I B ⊂ K[y 1 , y 2 , . . . , y 35 ] consists of quadratic binomials. For i = 1, 2, . . . , 7, we consider the subconfiguration B i of B with column vectors consisting of all column vectors of B whose i-th component is one. We consider combining lexicographic orders such that the reduced Gröbner bases of I B i consist of quadratic binomials. We write down the lexicographic order > 1 : The reduced Gröbner basis of I G consists of 1050 quadratic binomials. Note that any cycle of length ≤ 6 is obtained by the sequence of contractions from G. Thus, we have the following.
